Abstract. We determine the generic degrees of cyclotomic Hecke algebras attached to exceptional finite complex reflection groups. The results are used to introduce the notion of spetsial reflection group, which in a certain sense is a generalization of the finite Weyl group. In particular, to spetsial W there is attached a set of unipotent degrees which in the case of a Weyl group is just the set of degrees of unipotent characters of finite reductive groups with Weyl group W , and in general enjoys many of their combinatorial properties.
Introduction
Cyclotomic algebras are certain deformations of the group algebras of finite complex reflection groups, defined analogously to Iwahori-Hecke algebras for Weyl groups. These cyclotomic algebras seem to play an important role in the understanding of the representation theory of finite groups of Lie type (see for example [3] ). At the moment, the properties of cyclotomic algebras are not yet fully understood. This paper is devoted to the study of certain numerical invariants attached to them, the generic degrees.
It is conjectured (and known in all but finitely many cases [16] ) that the cyclotomic algebra H = H(W, u) of an irreducible finite complex reflection group W is symmetric over the ground ring A = Z[u, u −1 ], such that the corresponding trace form t vanishes on all basis elements T w for w ∈ W , w = 1 reduced. Since t is a trace form, it can be expressed as a sum t = φ 1/c φ φ of irreducible characters of H with non-vanishing coefficients. The c φ appearing as coefficients are called the Schur elements of H (with respect to t). In this paper we compute the Schur elements with respect to any trace form as above for the exceptional complex reflection groups. The method is an extension of [13] where the 2-dimensional case was considered.
In the final section we use the results obtained so far to introduce the so-called spetsial reflection groups (as announced in [14] ). This is a subclass of all finite complex reflection groups, which includes in particular all those which can already be defined over the real numbers. It can be defined by a variety of equivalent characterizations all related to the Schur elements (see Prop.8.1) . At present there is no conceptual understanding of the equivalence of these properties, even in the case of finite Coxeter groups (where they are always satisfied). It would be very interesting to find such an explanation, since this property is a necessary and sufficient condition for the existence of unipotent degrees attached to a complex reflection group W , i.e., for W behaving like the Weyl group of some as yet mysterious object generalizing the concept of an algebraic group see (Section 8.3).
Cyclotomic Hecke algebras
We recall the definition and some properties of cyclotomic Hecke algebras, some facts about character values, and some basic properties of symmetric algebras.
2A. The cyclotomic algebra of a complex reflection group. Let W be a finite irreducible complex reflection group on the vector space V . The ring of invariants of W in the symmetric algebra S(V ) of V is a polynomial ring, generated by homogeneous invariants of degrees d 1 , . . . , d n , with n = dim(V ). The Poincaré polynomial P W of W is given by P W := n j=1 (x dj − 1)/(x − 1). For an irreducible character φ ∈ Irr(W ) the fake degree is defined as
where det V denotes the determinant on V . The b-value of φ ∈ Irr(W ) is the order of zero at x = 0 of the fake degree R φ .
Let D be the diagram associated to W in [5] . This defines a presentation of W on a set of generators S with order relations s ds = 1 for s ∈ S, together with certain homogeneous relations, the so-called braid relations. The braid group B = B(W ) associated to W is by definition the group generated by a set {s | s ∈ S} in bijection with S, subject to the braid relations of D. Let u = (u s,j | s ∈ S, 0 ≤ j ≤ d s − 1) be transcendentals over Z, such that u s,j = u t,j whenever s and t are conjugate in W . The generic cyclotomic Hecke algebra H(W, u) of W with parameter set u is defined to be the quotient By [15, Thm. 5.2] it is known that K W is a splitting field for H. In particular, the values of all irreducible characters on an A-basis of H are contained in K W . Furthermore, it follows from Assumption 2.5 and Tits' deformation theorem that H KW is isomorphic to the group algebra K W W , and the specialization (2.6) induces a bijection
H(W,
between Irr(H KW ) and Irr(W ) which furthermore carries over to any admissible specialization of H k [v,v −1 ] .
In [5] we defined a certain central element π ∈ Z(B) which maps to the identity under the canonical epimorphism B → W . Clearly, its image T π in H is also central. Thus, it acts as a scalar in any (absolutely) irreducible representation of H KW . Extending an idea of Springer, Broué and Michel have observed that this allows evaluation of irreducible characters on roots of T π without knowing the corresponding representation explicitly. Let us describe this method.
Let S be a system of representatives of the generators in S up to conjugation in W . Write π = s 1 
The c φ are called Schur elements of H(W, u) (with respect to t u ). A basis C of H with 1 ∈ C is called quasi-symmetric (with respect to t u ) if t u (T ) = δ T,1 for T ∈ C. Thus for any quasi-symmetric basis, the (inverses of the) Schur elements are uniquely determined by the linear system
Here, already the equations on a subset of C whose image under specialization to W covers all conjugacy classes yield a system of maximal rank.
It is well-known that for Coxeter groups W the Iwahori-Hecke algebra H(W ) carries a canonical symmetrizing form endowing it with a structure of symmetric algebra over A. This form is characterized by the fact that the standard basis elements form a quasi-symmetric basis (see [8, Prop. 8.1.1] ). The Schur elements with respect to this form are explicitly known in all cases.
It was shown in [16] for all but finitely many irreducible complex reflection groups W that there exists a symmetrizing form t u on H(W, u) making it a symmetric algebra over A (i.e., the form has Gram matrix invertible over A). Moreover, there exists a quasi-symmetric basis with respect to t u consisting of monomials in the generators T s , s ∈ S. Furthermore, restriction of t u to parabolic subalgebras gives the corresponding symmetrizing form there. The Schur elements of this symmetrizing form were determined explicitly in [7] .
On the other hand, in [13] we dealt with the 2-dimensional primitive groups. It is the purpose of the present paper to analyze the remaining exceptional cases. More precisely, we will determine explicitly the Schur elements c φ with respect to any symmetrizing form which behaves nicely under restriction to parabolic subalgebras and which vanishes on some suitable monomials in the generators.
2D. Symmetries and action on Irr(W )
. It will be convenient to introduce and study the action of several groups of automorphisms on cyclotomic algebras and associated objects. Letk : 
On the other hand, the factor group Gal(k(u)/Q(u)) of G acts naturally on Irr(W ). Now restriction yields an isomorphism between the subgroup G 0 := Gal(K W /Q(v)) of G and Gal(k/Q). The definition of the bijection (2.7) via the specialization (2.6) shows that the natural action of Gal(k/Q) on Irr(W ) and its action induced by the identification with G 0 do coincide. If H is symmetric over A, the linear independence of the irreducible characters together with (2.9) shows that the corresponding Schur elements satisfy Lemma 2.10. If H is symmetric with the corresponding Schur elements c φ (φ ∈ Irr(W )) and G := Gal(K W /Q(u)), then we have
Next observe that for s ∈ S = S/W the symmetric group S ds acts (from the left) on the set of indeterminates {u s, 
. This induces an S-action on H and then also on Irr(H) by 
This observation on symmetries together with (2.11) will be used later on in order to reduce the number of Schur elements to be printed explicitly.
By (2.9) the Schur elements are rational functions in v. But, moreover, we have 
. Any monomial in the T s is a non-zero scalar multiple of a monomial in the α s T s . But if C is quasi-symmetric, then any basis C containing 1 and consisting of non-zero scalar multiples of the elements of C is quasi-symmetric with respect to the same symmetrizing form. Thus the Schur elements of H remain invariant by replacing the v s,j with non-zero scalar multiples (which only depend on s) as claimed.
Generic degrees for
Here and in the next section we compute the Schur elements for those exceptional non-real reflection groups of dimension n ≥ 3, which are generated by n involutive reflections. In the classification of Shephard and Todd, these are the groups G i , i ∈ {24, 27, 29, 33, 34}. In these cases, all reflections are conjugate, so the cyclotomic algebra has just two parameters (u 1 , u 2 ). Since the Schur elements are homogeneous in the parameters, they can be recovered from the Schur elements for the (admissible) specialization with parameters (x, −1). So it suffices to consider this latter case.
It turns out that in all cases the Schur elements (with the above specialization) divide the Poincaré polynomial P (W ) of W , considered as elements of the ring k [x] . We call δ φ := P (W )/c φ the generic degree of φ. Clearly, it is enough to know the generic degrees in order to recover the Schur elements.
We denote the irreducible characters φ ∈ Irr(W ) as
is the degree and b is the b-invariant, that is, the order of zero at x = 0 of the fake degree R φ (see 2A). In most cases, this distinguishes the characters unambiguously. In the few remaining cases, we give more detailed information below.
In the tables, we only list one character from each pair of complex conjugate ones, since the generic degree of the other one can be obtained by applying complex conjugation, according to (2.11) . Moreover, if denotes the sign character of W , we only list one of φ, ⊗ φ, since, as it turns out,
in all cases, where N is the number of reflections in W . Combining this with (2.11) it can be rephrased to say that δ φ is semi-palindromic in the sense of [15, 6B] . Proof. Assume that t is a symmetrizing form on H(W ) which restricts to the canonical symmetrizing forms of the Iwahori-Hecke algebras of these parabolic subgroups. Since the generic degrees of finite Coxeter groups are known, restriction of characters to these subgroups yields conditions on the generic degrees of H(W ) with respect to t. More precisely, since five of the conjugacy classes of W have representatives in one of these parabolic subgroups, we obtain five equations.
3A. The complex reflection group
Since π is a power of c, Proposition 2.8 allows us to compute the values of all irreducible characters on T l c . Plugging these into (2.9) gives linear equations for the unknown generic degrees, which together with the equations from restriction to parabolic subalgebras yield a system of full rank. 
Here, as in the subsequent tables, Φ n denotes the n-th cyclotomic polynomial over Q. Moreover, with Table 4 ]. Its fifth power c 5 is central, thus more generally we may compute the value of any irreducible character on products T w T 5l c for all T w lying in proper parabolic subalgebras of H. This yields enough independent equations, and as above we obtain: Table 3 .5. Here,
3B. The complex reflection group
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Here, in order to distinguish the characters of degree 3 and of degree 8 among themselves, we have given as a third index the degree in x of the fake degree R φ . We denote by φ 5, 6 , φ 5,15 the characters of degree 5 which occur in the permutation character of W on the parabolic subgroup of type A 2 , and by φ 5, 6 (4, 4, 3) . While the first four of these are Coxeter groups, the last one is an imprimitive non-real reflection group.
In order to use induction we first determine generic degrees for G (4, 4, 3) . Now all maximal parabolic subgroups of G (4, 4, 3) are Coxeter groups, and restriction of characters to these yields five equations. Furthermore, evaluation of characters on the first five powers of the Coxeter element gives five additional equations, thus determining the generic degrees with respect to any quasi-symmetric basis containing these elements. We give the results in Table 3 Table 3 .8.
All characters of W are distinguished by their degree and their b-invariant, except for four characters of degree 6 with b = 10 and for two pairs of characters of degree 15. We denote by φ 15,4 the character of degree 15 occurring in the tensor product of the reflection character φ 4,1 with φ 4,3 , and by φ 15, 12 its tensor product with the sign character φ 1, 40 . We denote by φ 6,10 the real character of type (6, 10) occurring in the permutation character of W on the parabolic subgroup of type A 3 , and by φ 6,10 the other real character of degree 6 with b = 10 (these two have identical generic degrees). By φ 6,10 we denote the character of degree 6 appearing in the tensor product of the reflection character with itself, and by φ 6,10 its complex conjugate. 
Generic degrees for G 33 and G 34
Here we conclude the determination of Schur elements for exceptional non-real reflection groups of dimension n ≥ 3 generated by n involutive reflections by considering the cases G 33 and G 34 in the Shephard-Todd classification.
4A. Some imprimitive groups. We first compute the generic degrees for some imprimitive complex reflection groups which occur as parabolic subgroups in the primitive groups G 33 and G 34 . More precisely, these are the groups G (3, 3, 3) , G (3, 3, 4) and G (3, 3, 5) . Again, the results can easily be obtained by the methods presented so far, and we give the lists in Tables 4.1-4.3. (3, 3, 4) .
Here, we have denoted by φ 6,5 the character of degree 6 with b-value 5 appearing in the tensor square of the reflection character φ 4,1 , by φ 6,5 its complex conjugate. Here, φ 30,7 denotes the character of degree 30 occurring in the fourth tensor power of the reflection character φ 5,1 , and φ 30,7 its complex conjugate.
In all tables of this section the notation for cyclotomic polynomials is as follows. Let ζ 3 := exp(2πi/3) be a third root of unity. Then for any j multiple of 3 we have a factorization Φ j = Φ j Φ j over Q(ζ 3 ) and we choose notation such that
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Φ j (exp(2πi/j)) = 0. More specifically, this means that Table 4 .7.
4B. The complex reflection group
Proof. The character values of H on the powers of T c can be evaluated with Proposition 2.8. Moreover, character values on a basis of any proper parabolic subalgebra are known by the preceding section, respectively by [3] . Since T 7l c is central in H, the values on any product T v T 5l c can be determined, once those on T v are known. Thus the values of all irreducible characters on all the elements occurring in the statement can be computed. Using the computer algebra system GAP it was checked that this system has maximal rank, and thus determines the generic degrees uniquely.
All irreducible characters of W are determined by their degree and their b-value, except for seven pairs and three triples of characters. The notation for the characters of degree 105 and 840 is fixed by Table 4 .7, since for each ambiguous character, its complex conjugate is determined by its degree and b-value. In the three triples, we choose φ 70,9 , φ 70,45 , φ 560,18 to be the real characters. We denote by φ 20,33 , φ 70,9 the characters of degree 20, respectively 70 occurring in the tensor product of the reflection character φ 6,1 with φ 15, 14 , and by φ 20,33 , φ 70,9 their complex conjugates. The tensor product of φ 70,9 with the sign character is φ 70,45 , its complex conjugate φ 70,45 . We write φ 120,21 for the character of type (120, 21) occurring in the permutation character on the parabolic subgroup of type A 5 . Finally, we call φ 280,12 , φ 280,30 , φ 560,18 the characters of the respective types which occur in φ 6,1 ⊗ φ 336,17 , and φ 540,21 the one occurring in φ 6,1 ⊗ φ 105,20 . This fixes the notation for all elements of Irr(W ). 
Schur elements for G 31
The 4-dimensional primitive complex reflection group W = G 31 has a single class of reflections. It differs from all other exceptional reflection groups of dimension n at least three in that it cannot be generated by n of its reflections. It has 59 irreducible characters and 3 conjugacy classes of maximal parabolic subgroups, of types G (4, 2, 3) , A 3 , A 2 + A 1 . In order to be able to use induction on parabolic subalgebras, we first have to compute the Schur elements of the imprimitive group G (4, 2, 3 ). G(4, 2, 3 ). There exists a unique symmetrizing form on the cyclotomic Hecke algebra of the imprimitive group G (4, 2, 3 ) restricting to the canonical symmetrizing form on the maximal parabolic subalgebras (of Coxeter type) and vanishing on T l c (1 ≤ l ≤ 5). The corresponding Schur elements can then be computed from (2.9). It turns out that they agree with the values conjectured in [12, Satz 5.13] .
5A. The imprimitive group
They can also be described in the following way. The group G(4, 2, 3) occurs as the relative Weyl group of the Φ 4 -Sylow torus in finite reductive groups of type D 6 . Conjecturally, this should imply that the Schur elements of H(G (4, 2, 3) ; (x, −1)) are related to the degree polynomials of the unipotent characters of 2 D 6 in the principal Φ 4 -block (see [3] ). It turns out that this is in fact true. For this, let U 4 ( 2 D 6 ) denote the set of unipotent characters of 2 D 6 whose degree polynomial is not divisible by Φ 4 , and write deg(γ) ∈ Q[x] for the degree polynomial of γ ∈ U 4 ( 2 D 6 ).
Theorem 5.1. There is a bijection
between the irreducible characters of the cyclotomic algebra H(G(4, 2, 3); (x, −1)) and U 4 ( 2 D 6 ) (see Table 5 .3) such that the Schur element c φ of φ ∈ Irr(G(4, 2, 3)) is given by
5B. The complex reflection group G 31 . We return to the primitive reflection group W = G 31 . Twenty of its conjugacy classes have non-empty intersection with proper parabolic subgroups, so by restriction we obtain 20 independent equations for the Schur elements. [5] ). The equations given by evaluating the irreducible characters of H on T m c , 1 ≤ m ≤ 23, are linearly independent from the equations obtained by restriction. (G(4, 2, 3) 
Here, we denote the unipotent characters of 2 D 6 by symbols of rank 6 as in [10] . Furthermore, let w = s 1 s 2 s 3 s 4 s 5 s 1 = cs 1 . From the defining relations of B(W ) it follows that w 5 = c 6 , hence w is a 20-th root of π in B(W ). (In fact, the image of w in W is a Coxeter element in the maximal rank reflection subgroup G 29 < G 31 .) Evaluating characters on powers of T w give 14 independent equations. The remaining two equations are obtained by evaluating the irreducible characters on products of central elements by elements in proper parabolic subalgebras.
The group G 31 occurs as the relative Weyl group of the Φ 4 -Sylow torus in finite reductive groups of type E 8 . Conjecturally, this should imply that the Schur elements of H(W, x) are related to the degree polynomials of the unipotent characters of E 8 in the principal Φ 4 -block. It turns out that this is in fact true. For this, let U 4 (E 8 ) denote the set of unipotent characters of E 8 whose degree polynomial is not divisible by Φ 4 , and write deg(γ) ∈ Q[x] for the degree polynomial of γ ∈ U 4 (E 8 ). We follow the naming convention in [10] for the unipotent characters of E 8 .
Theorem 5.4. There is a bijection
between the irreducible characters of the cyclotomic Hecke algebra H(G 31 ; (x, −1)) and U 4 (E 8 ) (given by Table 5 
Except for five pairs the irreducible characters of G 31 are determined by their degree and their b-invariant. We denote by φ 15, 8 , φ 15, 20 , φ 45,8 the irreducible characters of the respective types occurring in the tensor product φ 4,1 ⊗ φ 20,7 , and we let φ 30,10 be the character of degree 30 with fake degree x 50 + x 46 + lower powers of x. The remaining notation is now fixed by the information in Table 5 .3.
Schur elements for G 25 , G 26 and G 32
The three exceptional reflection groups G 25 , G 26 and G 32 do contain reflections of order 3. Thus their Schur elements cannot be recovered from a 1-parameter specialization.
6A. The complex reflection group G 26 . The 3-dimensional primitive complex reflection group W = G 26 is the direct product of G 25 with a central element of order 2. It can be shown (see [3, Bem. 4.14(b) ]) that the generic cyclotomic algebra for G 25 is a subalgebra of index 2 of a suitable specialization of the cyclotomic algebra for G 26 . This allows us to study G 25 using results from G 26 . So we will first consider the latter group.
The complex reflection group W = G 26 is generated by three reflections s 1 , s 2 , s 3 of orders 3,3,2 respectively, which satisfy the defining relations indicated by this Coxeter type diagram:
We denote by T s1 , T s2 , T s3 the corresponding generators of the generic cyclotomic algebra H = H (W, (x, y) ) of type G 26 , hence
with the five parameters x = (x 1 , x 2 ), y = (y 1 , y 2 , y 3 ) . The group W has three conjugacy classes of maximal parabolic subgroups of types G (3, 1, 2), G(3, 1, 1 [5] ). Its third power c 3 is central. Since the irreducible representations of all proper parabolic subalgebras are explicitly known by [13, 3A] and [3, 5B] , we may evaluate the irreducible characters of H on all elements of the form T l c or T w T 3l c where T w lies in some maximal parabolic subalgebra. This gives enough linear independent equations for the determination of Schur elements.
For 1 ≤ j ≤ 3 let z := (z 1 , z 2 , z 3 ) with z j := −x 1 x 2 y 1 y 2 y 3 /y j in an algebraic closure of Q(x, y). We consider the specialization
of the generic cyclotomic algebra H to the group algebra of W . By [15, We denote the elements of We will see in Theorem 6.2 that the generic degrees for the relevant characters are Q(x, y)-rational. Thus interchanging y 2 with y 3 induces complex conjugation on Irr(W ). So the complex conjugates can be read of from Table 6 .1 and thus also the notation for the first eight ambiguous pairs is fixed. In each of the two pairs of characters of degree 8, although the b-values agree, the fake degrees themselves are different for the members of a pair. We choose notation such that the fake degrees of φ 8, 6 and φ 8, 9 are monic as polynomials in x. This fixes the notation for the irreducible characters of W . The Schur element of φ 8, 6 is the image of the one for φ 8, 3 under the non-trivial automorphism of k(x, y, z 3 )/k(x, y), the Schur element of φ 9,7 is the complex conjugate of the one for φ 9,5 .
6B. The complex reflection group G 25 . In order to treat the 3-dimensional primitive complex reflection group W 1 := G 25 we consider the specialization
of the generic cyclotomic algebra for G 26 . By [3, Bem. 4.14] its generic cyclotomic algebra H 1 := H(G 25 ; y) is a subalgebra of index 2 of the specialization H := H(G 26 ; ((1, −1), y) ). It was shown in [3, Satz 4.7] that H 1 satisfies Assumption 2.5. Furthermore, by [15, G(3, 1, 1 ) + G 4 . Out of the 102 conjugacy classes of G 32 , 32 have a representative in one of these parabolic subgroups. For both of these, a symmetrizing form and the corresponding Schur elements are known by virtue of the previous section and by [3] , respectively. Let T s1 , . . . , T s4 be the generators of the generic cyclotomic algebra H = H(W, y) of type G 32 satisfying
with the parameters y = (y 1 , y 2 , y 3 ) .
We consider the specialization y j → ζ
of H to the group algebra of W . By [15, 12 and φ 60,15 the only two rational characters in these pairs. The other characters in these pairs have the property that their complex conjugate is already determined by its d, b. Interchanging y 2 with y 3 induces complex conjugation on Irr(W ). So the complex conjugates can be read of from Table 6 .4 and thus the notation for the ambiguous pairs is fixed. We denote by c := s Proof. The character values of H on the powers of T c and of T w can be evaluated with Proposition 2.8. Moreover, character values on all elements of proper parabolic subalgebras are known by the preceding section, respectively by [3] . Since T 5l c is central in H, the values on any product T v T 5l c can be determined, once those on T v are known. Thus the values of all irreducible characters on all the elements occurring in the statement can be computed. Using the computer algebra system GAP it was checked that this system has maximal rank, and thus determines the generic degrees uniquely. [11] . We showed in [12] that in fact such sets of unipotent degrees exist for all imprimitive spetsial complex reflection groups, and in [4] corresponding sets are constructed for the primitive spetsial groups (using the results of the present paper).
More precisely, we obtain sets E(W ) together with a degree map
where O K denotes the ring of integers of the character field K of W (the field of definition of the reflection representation of W ). The Galois group Gal(K/Q) acts on E(W ) such that Deg is equivariant. The set E(W ) falls into Φ-Harish-Chandra series for each cyclotomic polynomial Φ over K, and into families. The Φ-HarishChandra series are completely described by the Schur elements of cyclotomic Hecke algebras attached to certain relative Weyl groups. For Φ = x − 1 and W a Weyl group, these are just the ordinary Harish-Chandra series of unipotent characters. Each family contains a unique special character, and the degrees in the family are connected to the corresponding fake degrees by a Fourier transform matrix. To each element of E(W ) is attached a root of unity (called Frobenius eigenvalue), such that for each family the diagonal matrix of Frobenius eigenvalues together with the Fourier matrix give a representation of SL 2 (Z). For details and references we refer to [12] and [14] . It turns out that all (equivalent) conditions in Proposition 8.1 are necessary for the existence of such sets of unipotent degrees, so that we can state:
Theorem 8.4. A finite complex reflection group has unipotent degrees if and only if it is spetsial.
Thus in a certain sense spetsial complex reflection groups behave just as if they were the Weyl groups of an algebraic group. It is tempting to speculate about an underlying algebraic structure, baptized 'spets' in [14] , giving rise to the unipotent degrees attached to complex reflection groups. We don't yet know what these spetses should be, but a lot of intriguing evidence for their existence has been collected.
